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Continuous quantum variables can be made discrete by binning together their different values,
resulting in observables with a finite number “d” of outcomes. While direct measurement indeed
confirms their manifestly discrete character, here we employ a salient feature of mutual unbiasedness
to show that such coarse-grained observables are of a different kind, being in a sense neither con-
tinuous nor discrete. In particular, we study periodic binning of continuous observables and prove
that the maximum number of mutually unbiased measurements of this type equals three for even d,
which is analogous to the continuous case. On the other hand, for odd d we can find more mutually
unbiased measurements, though the known results for discrete systems are not entirely reproduced.
However, we can show that there are never more than d+ 1 in general, which is a known feature of
discrete systems. To illustrate and explore these results, we present an example for construction of
such measurements and employ it in an optical experiment confirming the existence of four mutually
unbiased measurements with d = 3 outcomes in a continuous variable system.
I. INTRODUCTION
Observables of continuous quantum variables can be
discretized by a “binning” procedure. One possibility is
to divide the Hilbert space into pieces of finite size (e.g.
intervals). To cover the whole range of values one needs
infinitely many intervals of such type. Another option
stems from dividing the space into a finite number of
discrete parts. One common example is rendered by the
parity operator, with eigenstates that are symmetric or
anti-symmetric with respect to the origin.
There are a number of reasons to pursue this type
of discretization. For example, it is well known that
it is difficult to employ the usual phase space opera-
tors, such as quadratures of position and momentum,
to demonstrate quantum non-locality [1]. This has led
to a number of binning schemes applied to either the
measurements or the states [2–7]. Similar types of dis-
cretization have been applied to quantum contextuality
[8–11], the quantum search algorithm [12], entanglement
detection [13, 14] and general approaches to realize finite-
dimensional quantum information protocols in continu-
ous variable systems [15, 16]. More fundamentally, con-
tinuous variable eigenstates, such as those of the position
or momentum observables, are not physical [17]. In real-
world experiments, they are approximated by states that
are localized around some mean value (see Fig. 1). In
addition, measurements in any quantum system suffer
from some amount of coarse graining, which follows from
the fact that every device has finite resolution. This can
lead to practical consequences, such as overestimation of
entanglement and/or security of quantum key distribu-
tion [18–20]. There is thus an inherent coarse graining
of actual experimental states, as well as measurements,
that motivates the efforts for a better understanding of
its deep features.
A bold research question posed in this letter is whether
a discrete and finite-dimensional (finite number of bins)
coarse graining of continuous variables (CV) does fully
behave in a “discrete-like” manner, or rather preserves
some of the features of the underlying CV system. It
is clear that any direct measurement of such observables
should trivially point towards the first alternative, since
after the experiment we are left with discrete probabil-
ity distributions describing the d measurement outcomes.
However, when measuring different observables (all en-
coded in discrete probabilities) it might occur that cor-
relations between the results exhibit a behavior that is
characteristic of a CV system. A priori, it is not clear
which types of correlations (and their features) are of
relevance for the problem posed above.
A difference between CV and discrete variable quan-
tum systems, potentially suitable for the above goal, can
be observed when one considers the so-called property
of mutual unbiasedness. For a single CV system (also
known as a “qumode”), there are at most three mutu-
ally unbiased phase space observables [21]. Discrete d-
dimensional systems, on the other hand, allow up to d+1
mutually unbiased observables, and this limit is reached
when d is the power of a prime number [22–25]. The
distinction between the continuous and discrete cases in-
spires us to use mutual unbiasedness as a benchmark for
the continuous/discrete nature of periodic coarse-grained
observables of CV systems. The periodic approach to
coarse graining has gained success in allowing for the
definition of mutually unbiased observables in both the-
oretical and practical contexts [26–28].
To summarize the results we present below, when the
number of periodic bins d is even, we find that the
maximum number of mutually unbiased observables is
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FIG. 1. Pictorial illustration of mutual unbiasedness in phase
space. a) Complementary position and momentum eigen-
states are distributions denoted by the vertical and horizontal
lines, respectively. The overlap between any position eigen-
state and any momentum eigenstate is the same, represented
by the intersection of the distributions. b) The non-physical
eigenstates maintaining complementarity are approximated
by physical states that are given by positive distributions
centered around the eigenstates, with finite widths in both
phase-space directions. The overlap between physical states
is represented graphically by the overlap of the distributions.
The physical states are no longer mutually unbiased. c) Eigen-
states of rotated observables qˆj and qˆk, illustrating that any
two non-parallel observables are mutually unbiased, as per
Eq. (1). d) Physical states corresponding to the eigenstates
in c) also lose their mutual unbiasedness.
Rmax = 3, imitating the CV case. On the other hand,
for d odd, Rmax = d+1 only for prime d, which only par-
tially reproduces the discrete case. Thus, surprisingly,
we find that these observables are neither continuous nor
discrete, in what concerns mutual unbiasedness. An in-
teresting aspect of our coarse graining approach is that it
allows for the derivation of explicit results for any dimen-
sion parameter d, not only for prime numbers, a feature
yet to be achieved for discrete variable systems.
II. MUTUAL UNBIASEDNESS
The original treatment [29, 30] of mutual unbiasedness
concerns mutually unbiased bases (MUB), namely, sets
of rank 1 projectors such that the overlaps between all
projectors from different sets (overlaps of elements from
different bases) are equal — implying that full informa-
tion according to a given basis means no information with
respect to all other bases [31]. As already mentioned,
discrete and finite d-dimensional quantum systems ad-
mit at most d+ 1 MUBs [22–25], while there are at most
three MUBs for a CV system [21]. Indeed, most quan-
tum mechanics textbooks highlight the fact that mutual
unbiasedness between position (xˆ) and momentum (pˆ)
operators can be demonstrated by the eigenstate projec-
tions |〈x|p〉| = 1/√2pi (we set ~ = 1 throughout). What
is somewhat less well-known is the fact that any two non-
parallel phase space operators qˆj = cos θj xˆ+ sin θj pˆ and
qˆk (defined analogously) are mutually unbiased (see Fig.
1 c), i.e.
|〈qj |qk〉| = (2pi| sin θjk|)−1/2 , (1)
where θjk ≡ θj − θk 6= {0, pi} is the angle between them
[32], as illustrated in Fig. 1 c. The MUBs stemming from
three phase space operators can be achieved by selecting
the same relative angle θjk = 2pi/3, such that all pairs
of operators satisfy Eq. (1) with the same right-hand
side [21]. Physical constraints on the eigenstates of qˆj
and qˆk also apply, destroying the mutual unbiasedness of
the corresponding physical states, as illustrated in Fig. 1
d. Thus, mutual unbiasedness in the continuous variable
regime occurs only for unphysical states, or requires con-
sideration of measurements other than rank 1 projectors.
There is no unique way for extending the notion of
MUBs to projective measurements of rank higher than 1
and to POVMs in general. In finite dimension, one alter-
native is offered by a a family of POVMs [33] labeled
by the so-called efficiency parameter. However, these
POVMs are only projective for maximal efficiency, when
they boil down to rank 1 MUBs. On the other hand,
every coarse graining of CV systems can be described by
projective measurements (with rank ≥ 1).
Being aware of such a discrepancy, we direct our-
selves towards an experimentally-oriented view on mu-
tual unbiasedness. In particular, we resort to an oper-
ational definition [26, 27], which says that a number R
of sets (labeled by j) of d projective measurement oper-
ators,
{
Ωˆ
(u)
j
}
u=0,...,d−1
, are mutually unbiased if for all
u0, u, v = 0, . . . , d− 1
p
(u)
j = δu,u0 =⇒ p(v)j′ = d−1, j 6= j′. (2)
By p
(u)
j we denote the probability associated with a di-
rect measurement of Ωˆ
(u)
j . The aim of this definition is
to convey the most important property of the original
MUBs, namely, that localization with respect to one set
implies even spreading from the perspective of all other
sets. We note in passing that this definition has recently
been utilized for device independent applications [34].
A. Mutual unbiasedness through periodic
coarse-graining
It has been shown that one path to theoretical and
practical mutual unbiasedness in continuous variable
3systems as defined in Eq. (2) is through periodic
coarse grained (PCG) observables. With this approach,
physical mutually unbiased measurement pairs [26] and
mutually unbiased measurement triples [27] have been
demonstrated theoretically and experimentally. In this
formulation, there naturally appears a “dimensional-
ity”parameter d, given by the number of possible mea-
surement outcomes.
Following Refs. [26, 27], let us consider R phase space
operators qˆj as in Eq. (1), related to each other via
phase space rotations, each characterized by an angle θj ,
for j = 0, ..., R − 1, as illustrated in Fig. 2 a). We
can then define d coarse-grained projective measurement
operators (u = 0, . . . , d− 1):
Ωˆ
(u)
j =
∫
dqjMj,u
(
qj − qcenj ;Tj
) |qj〉 〈qj | , (3)
where the infinite set of rank one projectors |qj〉 〈qj | are
grouped according to the d non-negative “bin functions”
Mj,u, such that
∑d−1
u=0Mj,u = 1. The displacement pa-
rameter qcenj is included to allow for freedom to define
the origin, and the parameter Tj is the period of the bin
function Mj,u. As in Refs. [26, 27], we choose the bin
functions to be periodic square waves
Mj,u (z;T ) =
{
1, usj ≤ z (mod Tj) ≤ (u+ 1) sj
0, otherwise
,
(4)
specified by the period Tj and bin width sj = Tj/d,
so that d can indeed be considered as a dimensionality
parameter. In Fig. 2 c) we illustrate the periodic bin
function for the particular case of d = 3. The outcome
probabilities produced by the set of projectors (3) then
define the PCG of the probability distribution associated
with the phase-space variable qj . Since we work with di-
mensionless variables, the parameters Tj and sj are also
dimensionless.
Without loss of generality, we assume that θ0 = 0 and
order the variables so that θj > θk whenever j > k. The
condition for mutual unbiasedness of these PCG opera-
tors was obtained in Ref. [27] as a linear relation between
the dimensionality parameter and the product of period-
icities of a pair of PCG operators:
TjTkmjk = 2pid| sin θjk|, (5)
where θjk ≡ θj − θk as before, and mjk is a positive
integer. The condition (5) is supplemented by the re-
quirement that all mjk are coprime with d, i.e.
mjkn
d
/∈ N, ∀n = 1, . . . , d− 1. (6)
III. MAXIMAL NUMBER OF PCG MUTUALLY
UNBIASED MEASUREMENTS
The main technical aim of this paper is to study the
dependence between the maximum allowed value of R,
(b)
q0
<latexit sha1_base64="cFHe4/I5pw0Nfc9HvX5t9BlExKs=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5mUwUKYI/4FY/TfwD/QvvjFNQi+iEJGfOvefM3Hv9JBCZdJzXgjU3v7C4VFwurayurW+UN7daWZynj DdZHMRpx/cyHoiIN6WQAe8kKfdCP+Btf3yq4u0bnmYiji7kXcJ7oTeKxFAwTxJ1ft13+uWKU3X0smeBa0AFZjXi8gsuMUAMhhwhOCJIwgE8ZPR04cJBQlwPE+JSQkLHOe5RIm1OWZwyPGLH9B3RrmvYiPbKM9NqRqcE9KaktLFHmpjyUsLqNFvHc+2s2N+8J9pT3e2O/r7xComVuCL2L9008786VYvEEMe6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppXTPttak+naVW89HX/TmYpVe2Zyc7yrW9KA3Z/jnAWtg6rrVN2zw0rtxIy6iB3sYp/meYQa6migSd4jPOIJz1bdiqzcuv1MtQpGs41vy 3r4APrukBk=</latexit><latexit sha1_base64="cFHe4/I5pw0Nfc9HvX5t9BlExKs=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5mUwUKYI/4FY/TfwD/QvvjFNQi+iEJGfOvefM3Hv9JBCZdJzXgjU3v7C4VFwurayurW+UN7daWZynj DdZHMRpx/cyHoiIN6WQAe8kKfdCP+Btf3yq4u0bnmYiji7kXcJ7oTeKxFAwTxJ1ft13+uWKU3X0smeBa0AFZjXi8gsuMUAMhhwhOCJIwgE8ZPR04cJBQlwPE+JSQkLHOe5RIm1OWZwyPGLH9B3RrmvYiPbKM9NqRqcE9KaktLFHmpjyUsLqNFvHc+2s2N+8J9pT3e2O/r7xComVuCL2L9008786VYvEEMe6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppXTPttak+naVW89HX/TmYpVe2Zyc7yrW9KA3Z/jnAWtg6rrVN2zw0rtxIy6iB3sYp/meYQa6migSd4jPOIJz1bdiqzcuv1MtQpGs41vy 3r4APrukBk=</latexit><latexit sha1_base64="cFHe4/I5pw0Nfc9HvX5t9BlExKs=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5mUwUKYI/4FY/TfwD/QvvjFNQi+iEJGfOvefM3Hv9JBCZdJzXgjU3v7C4VFwurayurW+UN7daWZynj DdZHMRpx/cyHoiIN6WQAe8kKfdCP+Btf3yq4u0bnmYiji7kXcJ7oTeKxFAwTxJ1ft13+uWKU3X0smeBa0AFZjXi8gsuMUAMhhwhOCJIwgE8ZPR04cJBQlwPE+JSQkLHOe5RIm1OWZwyPGLH9B3RrmvYiPbKM9NqRqcE9KaktLFHmpjyUsLqNFvHc+2s2N+8J9pT3e2O/r7xComVuCL2L9008786VYvEEMe6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppXTPttak+naVW89HX/TmYpVe2Zyc7yrW9KA3Z/jnAWtg6rrVN2zw0rtxIy6iB3sYp/meYQa6migSd4jPOIJz1bdiqzcuv1MtQpGs41vy 3r4APrukBk=</latexit><latexit sha1_base64="cFHe4/I5pw0Nfc9HvX5t9BlExKs=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5mUwUKYI/4FY/TfwD/QvvjFNQi+iEJGfOvefM3Hv9JBCZdJzXgjU3v7C4VFwurayurW+UN7daWZynj DdZHMRpx/cyHoiIN6WQAe8kKfdCP+Btf3yq4u0bnmYiji7kXcJ7oTeKxFAwTxJ1ft13+uWKU3X0smeBa0AFZjXi8gsuMUAMhhwhOCJIwgE8ZPR04cJBQlwPE+JSQkLHOe5RIm1OWZwyPGLH9B3RrmvYiPbKM9NqRqcE9KaktLFHmpjyUsLqNFvHc+2s2N+8J9pT3e2O/r7xComVuCL2L9008786VYvEEMe6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppXTPttak+naVW89HX/TmYpVe2Zyc7yrW9KA3Z/jnAWtg6rrVN2zw0rtxIy6iB3sYp/meYQa6migSd4jPOIJz1bdiqzcuv1MtQpGs41vy 3r4APrukBk=</latexit>
q1
<latexit sha1_base64="ogWwjWPDkpmBu/toCssUexOAlw0=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5mUwUKYI/4FY/TfwD/QvvjFNQi+iEJGfOvefM3Hv9JBCZdJzXgjU3v7C4VFwurayurW+UN7daWZynj DdZHMRpx/cyHoiIN6WQAe8kKfdCP+Btf3yq4u0bnmYiji7kXcJ7oTeKxFAwTxJ1ft13++WKU3X0smeBa0AFZjXi8gsuMUAMhhwhOCJIwgE8ZPR04cJBQlwPE+JSQkLHOe5RIm1OWZwyPGLH9B3RrmvYiPbKM9NqRqcE9KaktLFHmpjyUsLqNFvHc+2s2N+8J9pT3e2O/r7xComVuCL2L9008786VYvEEMe6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppXTPttak+naVW89HX/TmYpVe2Zyc7yrW9KA3Z/jnAWtg6rrVN2zw0rtxIy6iB3sYp/meYQa6migSd4jPOIJz1bdiqzcuv1MtQpGs41vy 3r4AP1OkBo=</latexit><latexit sha1_base64="ogWwjWPDkpmBu/toCssUexOAlw0=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5mUwUKYI/4FY/TfwD/QvvjFNQi+iEJGfOvefM3Hv9JBCZdJzXgjU3v7C4VFwurayurW+UN7daWZynj DdZHMRpx/cyHoiIN6WQAe8kKfdCP+Btf3yq4u0bnmYiji7kXcJ7oTeKxFAwTxJ1ft13++WKU3X0smeBa0AFZjXi8gsuMUAMhhwhOCJIwgE8ZPR04cJBQlwPE+JSQkLHOe5RIm1OWZwyPGLH9B3RrmvYiPbKM9NqRqcE9KaktLFHmpjyUsLqNFvHc+2s2N+8J9pT3e2O/r7xComVuCL2L9008786VYvEEMe6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppXTPttak+naVW89HX/TmYpVe2Zyc7yrW9KA3Z/jnAWtg6rrVN2zw0rtxIy6iB3sYp/meYQa6migSd4jPOIJz1bdiqzcuv1MtQpGs41vy 3r4AP1OkBo=</latexit><latexit sha1_base64="ogWwjWPDkpmBu/toCssUexOAlw0=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5mUwUKYI/4FY/TfwD/QvvjFNQi+iEJGfOvefM3Hv9JBCZdJzXgjU3v7C4VFwurayurW+UN7daWZynj DdZHMRpx/cyHoiIN6WQAe8kKfdCP+Btf3yq4u0bnmYiji7kXcJ7oTeKxFAwTxJ1ft13++WKU3X0smeBa0AFZjXi8gsuMUAMhhwhOCJIwgE8ZPR04cJBQlwPE+JSQkLHOe5RIm1OWZwyPGLH9B3RrmvYiPbKM9NqRqcE9KaktLFHmpjyUsLqNFvHc+2s2N+8J9pT3e2O/r7xComVuCL2L9008786VYvEEMe6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppXTPttak+naVW89HX/TmYpVe2Zyc7yrW9KA3Z/jnAWtg6rrVN2zw0rtxIy6iB3sYp/meYQa6migSd4jPOIJz1bdiqzcuv1MtQpGs41vy 3r4AP1OkBo=</latexit><latexit sha1_base64="ogWwjWPDkpmBu/toCssUexOAlw0=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl002VF+4BaSjKd1qF5mUwUKYI/4FY/TfwD/QvvjFNQi+iEJGfOvefM3Hv9JBCZdJzXgjU3v7C4VFwurayurW+UN7daWZynj DdZHMRpx/cyHoiIN6WQAe8kKfdCP+Btf3yq4u0bnmYiji7kXcJ7oTeKxFAwTxJ1ft13++WKU3X0smeBa0AFZjXi8gsuMUAMhhwhOCJIwgE8ZPR04cJBQlwPE+JSQkLHOe5RIm1OWZwyPGLH9B3RrmvYiPbKM9NqRqcE9KaktLFHmpjyUsLqNFvHc+2s2N+8J9pT3e2O/r7xComVuCL2L9008786VYvEEMe6BkE1JZpR1THjkuuuqJvbX6qS5JAQp/CA4ilhppXTPttak+naVW89HX/TmYpVe2Zyc7yrW9KA3Z/jnAWtg6rrVN2zw0rtxIy6iB3sYp/meYQa6migSd4jPOIJz1bdiqzcuv1MtQpGs41vy 3r4AP1OkBo=</latexit>
q2
<latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLop suK9gG1lGQ6rUPTJCYTpRTBH3Crnyb+gf6Fd8YpqEV0QpIz595zZu69fhyIVDrOa85aWFxaXsmvFtbWNza3its7zTTKEsYbLAqipO17KQ9EyBtSyIC344R7Yz/gLX90puKtW56kIgov5STm3bE3DMVAME8SdXHTq/SKJafs6GXPA9eAEsyqR8UXX KGPCAwZxuAIIQkH8JDS04ELBzFxXUyJSwgJHee4R4G0GWVxyvCIHdF3SLuOYUPaK89UqxmdEtCbkNLGAWkiyksIq9NsHc+0s2J/855qT3W3Cf194zUmVuKa2L90s8z/6lQtEgOc6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCfYonhJlWzvpsa02qa 1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMeNCtl1ym750el6qkZdR572MchzfMYVdRQR4O8h3jEE56tmhVamXX3mWrljGYX35b18AH/rpAb</latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLop suK9gG1lGQ6rUPTJCYTpRTBH3Crnyb+gf6Fd8YpqEV0QpIz595zZu69fhyIVDrOa85aWFxaXsmvFtbWNza3its7zTTKEsYbLAqipO17KQ9EyBtSyIC344R7Yz/gLX90puKtW56kIgov5STm3bE3DMVAME8SdXHTq/SKJafs6GXPA9eAEsyqR8UXX KGPCAwZxuAIIQkH8JDS04ELBzFxXUyJSwgJHee4R4G0GWVxyvCIHdF3SLuOYUPaK89UqxmdEtCbkNLGAWkiyksIq9NsHc+0s2J/855qT3W3Cf194zUmVuKa2L90s8z/6lQtEgOc6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCfYonhJlWzvpsa02qa 1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMeNCtl1ym750el6qkZdR572MchzfMYVdRQR4O8h3jEE56tmhVamXX3mWrljGYX35b18AH/rpAb</latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLop suK9gG1lGQ6rUPTJCYTpRTBH3Crnyb+gf6Fd8YpqEV0QpIz595zZu69fhyIVDrOa85aWFxaXsmvFtbWNza3its7zTTKEsYbLAqipO17KQ9EyBtSyIC344R7Yz/gLX90puKtW56kIgov5STm3bE3DMVAME8SdXHTq/SKJafs6GXPA9eAEsyqR8UXX KGPCAwZxuAIIQkH8JDS04ELBzFxXUyJSwgJHee4R4G0GWVxyvCIHdF3SLuOYUPaK89UqxmdEtCbkNLGAWkiyksIq9NsHc+0s2J/855qT3W3Cf194zUmVuKa2L90s8z/6lQtEgOc6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCfYonhJlWzvpsa02qa 1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMeNCtl1ym750el6qkZdR572MchzfMYVdRQR4O8h3jEE56tmhVamXX3mWrljGYX35b18AH/rpAb</latexit><latexit sha1_base64="wFcqdFQNsjJHLOBjV+mXA5ymyrQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIi6LLop suK9gG1lGQ6rUPTJCYTpRTBH3Crnyb+gf6Fd8YpqEV0QpIz595zZu69fhyIVDrOa85aWFxaXsmvFtbWNza3its7zTTKEsYbLAqipO17KQ9EyBtSyIC344R7Yz/gLX90puKtW56kIgov5STm3bE3DMVAME8SdXHTq/SKJafs6GXPA9eAEsyqR8UXX KGPCAwZxuAIIQkH8JDS04ELBzFxXUyJSwgJHee4R4G0GWVxyvCIHdF3SLuOYUPaK89UqxmdEtCbkNLGAWkiyksIq9NsHc+0s2J/855qT3W3Cf194zUmVuKa2L90s8z/6lQtEgOc6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCfYonhJlWzvpsa02qa 1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMeNCtl1ym750el6qkZdR572MchzfMYVdRQR4O8h3jEE56tmhVamXX3mWrljGYX35b18AH/rpAb</latexit>
q3
<latexit sha1_base64="0TqmqEnyISTPRNB+Z0Ms3wQLDcg=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIVdFl00 2VF+4BaSjKd1qFpEpOJUorgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/dePw5EKh3nNWfNzS8sLuWXCyura+sbxc2tRhplCeN1FgVR0vK9lAci5HUpZMBbccK9kR/wpj88U/HmLU9SEYWXchzzzsgbhKIvmCeJurjpHnaLJafs6GXPAteAEsyqRcUXX KGHCAwZRuAIIQkH8JDS04YLBzFxHUyISwgJHee4R4G0GWVxyvCIHdJ3QLu2YUPaK89UqxmdEtCbkNLGHmkiyksIq9NsHc+0s2J/855oT3W3Mf194zUiVuKa2L9008z/6lQtEn2c6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCPYonhJlWTvtsa02qa 1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMWNA7KrlN2z49KlVMz6jx2sIt9mucxKqiihjp5D/CIJzxbVSu0MuvuM9XKGc02vi3r4QMCHZAc</latexit><latexit sha1_base64="0TqmqEnyISTPRNB+Z0Ms3wQLDcg=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIVdFl00 2VF+4BaSjKd1qFpEpOJUorgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/dePw5EKh3nNWfNzS8sLuWXCyura+sbxc2tRhplCeN1FgVR0vK9lAci5HUpZMBbccK9kR/wpj88U/HmLU9SEYWXchzzzsgbhKIvmCeJurjpHnaLJafs6GXPAteAEsyqRcUXX KGHCAwZRuAIIQkH8JDS04YLBzFxHUyISwgJHee4R4G0GWVxyvCIHdJ3QLu2YUPaK89UqxmdEtCbkNLGHmkiyksIq9NsHc+0s2J/855oT3W3Mf194zUiVuKa2L9008z/6lQtEn2c6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCPYonhJlWTvtsa02qa 1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMWNA7KrlN2z49KlVMz6jx2sIt9mucxKqiihjp5D/CIJzxbVSu0MuvuM9XKGc02vi3r4QMCHZAc</latexit><latexit sha1_base64="0TqmqEnyISTPRNB+Z0Ms3wQLDcg=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIVdFl00 2VF+4BaSjKd1qFpEpOJUorgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/dePw5EKh3nNWfNzS8sLuWXCyura+sbxc2tRhplCeN1FgVR0vK9lAci5HUpZMBbccK9kR/wpj88U/HmLU9SEYWXchzzzsgbhKIvmCeJurjpHnaLJafs6GXPAteAEsyqRcUXX KGHCAwZRuAIIQkH8JDS04YLBzFxHUyISwgJHee4R4G0GWVxyvCIHdJ3QLu2YUPaK89UqxmdEtCbkNLGHmkiyksIq9NsHc+0s2J/855oT3W3Mf194zUiVuKa2L9008z/6lQtEn2c6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCPYonhJlWTvtsa02qa 1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMWNA7KrlN2z49KlVMz6jx2sIt9mucxKqiihjp5D/CIJzxbVSu0MuvuM9XKGc02vi3r4QMCHZAc</latexit><latexit sha1_base64="0TqmqEnyISTPRNB+Z0Ms3wQLDcg=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIVdFl00 2VF+4BaSjKd1qFpEpOJUorgD7jVTxP/QP/CO+MU1CI6IcmZc+85M/dePw5EKh3nNWfNzS8sLuWXCyura+sbxc2tRhplCeN1FgVR0vK9lAci5HUpZMBbccK9kR/wpj88U/HmLU9SEYWXchzzzsgbhKIvmCeJurjpHnaLJafs6GXPAteAEsyqRcUXX KGHCAwZRuAIIQkH8JDS04YLBzFxHUyISwgJHee4R4G0GWVxyvCIHdJ3QLu2YUPaK89UqxmdEtCbkNLGHmkiyksIq9NsHc+0s2J/855oT3W3Mf194zUiVuKa2L9008z/6lQtEn2c6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCPYonhJlWTvtsa02qa 1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMWNA7KrlN2z49KlVMz6jx2sIt9mucxKqiihjp5D/CIJzxbVSu0MuvuM9XKGc02vi3r4QMCHZAc</latexit>
✓
<latexit sha1_base64="0KpdcBctvdARqgQ9nWLaDibiVw8=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7 ipYB/QFpmk03Y0TeJkItbiyh9wqz8m/oH+hXfGFNQiOiHJmXPvOTP3Xi8ORKIc5zVnzczOzS/kFwtLyyura8X1jXoSpdLnNT8KItn0WMIDEfKaEirgzVhyNvQC3vCujnW8ccNlIqLwXI1i3hmyfih6wmeKqHpbDbhiF8WSU3bMsqeBm4ESslWNii9oo 4sIPlIMwRFCEQ7AkNDTggsHMXEdjImThISJc9yjQNqUsjhlMGKv6NunXStjQ9prz8SofToloFeS0sYOaSLKk4T1abaJp8ZZs795j42nvtuI/l7mNSRWYUDsX7pJ5n91uhaFHg5NDYJqig2jq/Mzl9R0Rd/c/lKVIoeYOI27FJeEfaOc9Nk2msTUrnv LTPzNZGpW7/0sN8W7viUN2P05zmlQ3yu7Ttk92y9VjrJR57GFbezSPA9QwQmqqJH3JR7xhGfr1Lq2bq27z1Qrl2k28W1ZDx/gDZGp</latexit><latexit sha1_base64="0KpdcBctvdARqgQ9nWLaDibiVw8=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7 ipYB/QFpmk03Y0TeJkItbiyh9wqz8m/oH+hXfGFNQiOiHJmXPvOTP3Xi8ORKIc5zVnzczOzS/kFwtLyyura8X1jXoSpdLnNT8KItn0WMIDEfKaEirgzVhyNvQC3vCujnW8ccNlIqLwXI1i3hmyfih6wmeKqHpbDbhiF8WSU3bMsqeBm4ESslWNii9oo 4sIPlIMwRFCEQ7AkNDTggsHMXEdjImThISJc9yjQNqUsjhlMGKv6NunXStjQ9prz8SofToloFeS0sYOaSLKk4T1abaJp8ZZs795j42nvtuI/l7mNSRWYUDsX7pJ5n91uhaFHg5NDYJqig2jq/Mzl9R0Rd/c/lKVIoeYOI27FJeEfaOc9Nk2msTUrnv LTPzNZGpW7/0sN8W7viUN2P05zmlQ3yu7Ttk92y9VjrJR57GFbezSPA9QwQmqqJH3JR7xhGfr1Lq2bq27z1Qrl2k28W1ZDx/gDZGp</latexit><latexit sha1_base64="0KpdcBctvdARqgQ9nWLaDibiVw8=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7 ipYB/QFpmk03Y0TeJkItbiyh9wqz8m/oH+hXfGFNQiOiHJmXPvOTP3Xi8ORKIc5zVnzczOzS/kFwtLyyura8X1jXoSpdLnNT8KItn0WMIDEfKaEirgzVhyNvQC3vCujnW8ccNlIqLwXI1i3hmyfih6wmeKqHpbDbhiF8WSU3bMsqeBm4ESslWNii9oo 4sIPlIMwRFCEQ7AkNDTggsHMXEdjImThISJc9yjQNqUsjhlMGKv6NunXStjQ9prz8SofToloFeS0sYOaSLKk4T1abaJp8ZZs795j42nvtuI/l7mNSRWYUDsX7pJ5n91uhaFHg5NDYJqig2jq/Mzl9R0Rd/c/lKVIoeYOI27FJeEfaOc9Nk2msTUrnv LTPzNZGpW7/0sN8W7viUN2P05zmlQ3yu7Ttk92y9VjrJR57GFbezSPA9QwQmqqJH3JR7xhGfr1Lq2bq27z1Qrl2k28W1ZDx/gDZGp</latexit><latexit sha1_base64="0KpdcBctvdARqgQ9nWLaDibiVw8=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFl0I7 ipYB/QFpmk03Y0TeJkItbiyh9wqz8m/oH+hXfGFNQiOiHJmXPvOTP3Xi8ORKIc5zVnzczOzS/kFwtLyyura8X1jXoSpdLnNT8KItn0WMIDEfKaEirgzVhyNvQC3vCujnW8ccNlIqLwXI1i3hmyfih6wmeKqHpbDbhiF8WSU3bMsqeBm4ESslWNii9oo 4sIPlIMwRFCEQ7AkNDTggsHMXEdjImThISJc9yjQNqUsjhlMGKv6NunXStjQ9prz8SofToloFeS0sYOaSLKk4T1abaJp8ZZs795j42nvtuI/l7mNSRWYUDsX7pJ5n91uhaFHg5NDYJqig2jq/Mzl9R0Rd/c/lKVIoeYOI27FJeEfaOc9Nk2msTUrnv LTPzNZGpW7/0sN8W7viUN2P05zmlQ3yu7Ttk92y9VjrJR57GFbezSPA9QwQmqqJH3JR7xhGfr1Lq2bq27z1Qrl2k28W1ZDx/gDZGp</latexit>
(c)
0 1 2 0 1 20 1 2
Tj
<latexit sha1_base64="jmAojsAjXXIEvD/lk2Gdyad7vUM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK/YI2lM12 0q7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2EyrNY9kwkwT9iA4lDzmjxkoPjf5jv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErq WSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1XOr3v1lpXaTx1GEEziFc/DgCmpwB3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPHys8jbU=</latexit><latexit sha1_base64="jmAojsAjXXIEvD/lk2Gdyad7vUM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK/YI2lM12 0q7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2EyrNY9kwkwT9iA4lDzmjxkoPjf5jv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErq WSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1XOr3v1lpXaTx1GEEziFc/DgCmpwB3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPHys8jbU=</latexit><latexit sha1_base64="jmAojsAjXXIEvD/lk2Gdyad7vUM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK/YI2lM12 0q7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2EyrNY9kwkwT9iA4lDzmjxkoPjf5jv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErq WSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1XOr3v1lpXaTx1GEEziFc/DgCmpwB3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPHys8jbU=</latexit><latexit sha1_base64="jmAojsAjXXIEvD/lk2Gdyad7vUM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK/YI2lM12 0q7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2EyrNY9kwkwT9iA4lDzmjxkoPjf5jv1xxq+4cZJV4OalAjnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErq WSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1XOr3v1lpXaTx1GEEziFc/DgCmpwB3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPHys8jbU=</latexit>
qj
<latexit sha1_base64="4904iSAqPZH2G0wBKmZA60tJf6g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2s4m7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6Rn GztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+W9GSfoR3QgecgZNVa6e+w99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFXao3S</ latexit><latexit sha1_base64="4904iSAqPZH2G0wBKmZA60tJf6g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2s4m7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6Rn GztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+W9GSfoR3QgecgZNVa6e+w99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFXao3S</ latexit><latexit sha1_base64="4904iSAqPZH2G0wBKmZA60tJf6g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2s4m7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6Rn GztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+W9GSfoR3QgecgZNVa6e+w99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFXao3S</ latexit><latexit sha1_base64="4904iSAqPZH2G0wBKmZA60tJf6g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbSbt2s4m7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6Rn GztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbT6g0j+W9GSfoR3QgecgZNVa6e+w99MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14aWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2eV2pXeRxFOIJjOAUPLqAGN1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AFXao3S</ latexit>
(a) q4
<latexit sha1_base64="HoYZee5Nz8FFk1lhRpPJygsW254=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLo psuK9gG1lGQ6rUPTJCYTpRTBH3Crnyb+gf6Fd8YpqEV0QpIz595zZu69fhyIVDrOa85aWFxaXsmvFtbWNza3its7zTTKEsYbLAqipO17KQ9EyBtSyIC344R7Yz/gLX90puKtW56kIgov5STm3bE3DMVAME8SdXHTq/SKJafs6GXPA9eAEsyqR8UX XKGPCAwZxuAIIQkH8JDS04ELBzFxXUyJSwgJHee4R4G0GWVxyvCIHdF3SLuOYUPaK89UqxmdEtCbkNLGAWkiyksIq9NsHc+0s2J/855qT3W3Cf194zUmVuKa2L90s8z/6lQtEgOc6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCfYonhJlWzvpsa02q a1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMeNI/KrlN2zyul6qkZdR572MchzfMYVdRQR4O8h3jEE56tmhVamXX3mWrljGYX35b18AEEfZAd</latexit><latexit sha1_base64="HoYZee5Nz8FFk1lhRpPJygsW254=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLo psuK9gG1lGQ6rUPTJCYTpRTBH3Crnyb+gf6Fd8YpqEV0QpIz595zZu69fhyIVDrOa85aWFxaXsmvFtbWNza3its7zTTKEsYbLAqipO17KQ9EyBtSyIC344R7Yz/gLX90puKtW56kIgov5STm3bE3DMVAME8SdXHTq/SKJafs6GXPA9eAEsyqR8UX XKGPCAwZxuAIIQkH8JDS04ELBzFxXUyJSwgJHee4R4G0GWVxyvCIHdF3SLuOYUPaK89UqxmdEtCbkNLGAWkiyksIq9NsHc+0s2J/855qT3W3Cf194zUmVuKa2L90s8z/6lQtEgOc6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCfYonhJlWzvpsa02q a1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMeNI/KrlN2zyul6qkZdR572MchzfMYVdRQR4O8h3jEE56tmhVamXX3mWrljGYX35b18AEEfZAd</latexit><latexit sha1_base64="HoYZee5Nz8FFk1lhRpPJygsW254=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLo psuK9gG1lGQ6rUPTJCYTpRTBH3Crnyb+gf6Fd8YpqEV0QpIz595zZu69fhyIVDrOa85aWFxaXsmvFtbWNza3its7zTTKEsYbLAqipO17KQ9EyBtSyIC344R7Yz/gLX90puKtW56kIgov5STm3bE3DMVAME8SdXHTq/SKJafs6GXPA9eAEsyqR8UX XKGPCAwZxuAIIQkH8JDS04ELBzFxXUyJSwgJHee4R4G0GWVxyvCIHdF3SLuOYUPaK89UqxmdEtCbkNLGAWkiyksIq9NsHc+0s2J/855qT3W3Cf194zUmVuKa2L90s8z/6lQtEgOc6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCfYonhJlWzvpsa02q a1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMeNI/KrlN2zyul6qkZdR572MchzfMYVdRQR4O8h3jEE56tmhVamXX3mWrljGYX35b18AEEfZAd</latexit><latexit sha1_base64="HoYZee5Nz8FFk1lhRpPJygsW254=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIp6LLo psuK9gG1lGQ6rUPTJCYTpRTBH3Crnyb+gf6Fd8YpqEV0QpIz595zZu69fhyIVDrOa85aWFxaXsmvFtbWNza3its7zTTKEsYbLAqipO17KQ9EyBtSyIC344R7Yz/gLX90puKtW56kIgov5STm3bE3DMVAME8SdXHTq/SKJafs6GXPA9eAEsyqR8UX XKGPCAwZxuAIIQkH8JDS04ELBzFxXUyJSwgJHee4R4G0GWVxyvCIHdF3SLuOYUPaK89UqxmdEtCbkNLGAWkiyksIq9NsHc+0s2J/855qT3W3Cf194zUmVuKa2L90s8z/6lQtEgOc6BoE1RRrRlXHjEumu6Jubn+pSpJDTJzCfYonhJlWzvpsa02q a1e99XT8TWcqVu2Zyc3wrm5JA3Z/jnMeNI/KrlN2zyul6qkZdR572MchzfMYVdRQR4O8h3jEE56tmhVamXX3mWrljGYX35b18AEEfZAd</latexit>
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FIG. 2. a) Examples of phase space variables for a) R = 6
and b) the R = 4 implemented experimentally. Here q0 is
taken to be the position variable x. c) the coarse graining bin
functions (experimentally implemented as amplitude masks)
Mj,0 for d = 3, represented by shaded region.
such that all PCG measurements are mutually unbiased
according to the operational definition (2), and the di-
mensionality d. We remind the reader that for discrete
systems (instead of PCG) we know that R ≤ d+ 1 (and
the bound is tight for all d that is a power of a prime
number), while for continuous systems we have R ≤ 3.
Therefore, the way in which dimensionality bounds the
number of mutually unbiased measurements is a signa-
ture of discrete/continuous type of behavior. Below we
prove that for PCG:
R ≤ ϕ (d) + 2 general d
R ≤ d+ 1 prime d
R ≤ 3 even d
, (7)
where ϕ(d) is Euler’s totient function counting the pos-
itive integers less than d that are relatively prime to d.
In particular, ϕ (d) = d− 1 whenever the dimension d is
prime. Additionally, for composite (non-prime) dimen-
sions it is known that ϕ (d) ≤ d−√d, which implies
ϕ (d) + 2 ≤ d+ 1 +
(
1−
√
d
)
≤ d+ 1, (8)
so that the case of the prime dimension is maximal, sim-
ilarly to the discrete scenario. On the other hand, when
d is a prime power, i.e. d = pk, we have ϕ (d) = d− d/p,
so that the pattern known from discrete systems [22–25]
is not reproduced. All distinct cases described above are
collected in Table I.
Proof. Let us assume that sin θj ≥ 0, which defines
variables qj in the upper semi-plane of the phase space.
This is not a restriction, as variables in the lower half-
plane can be taken to the upper half-plane by a reflection
through the origin: qj → −qj . Using the assumption that
θ0 = 0, the R− 1 distinct conditions stemming from Eq.
(5) with k = 0 can be rewritten to the form:
Tj =
2pid sin θj
mj0T0
. (9)
4Dimension d Pattern for maximal R
general sub-discrete (see Eq. 8)
even continuous
odd, prime discrete
odd, prime powers different
TABLE I. Different types of behavior for maximal number R
of PCG MUMs.
These are solutions for all periods except T0. Plugging
the above equations into (5) with j > k > 0, we have
TjTkmjk = 2pid| sin θjk| = (2pid)
2 sin θj sin θkmjk
T 20mj0mk0
. (10)
This can be recast as
mjk
mj0mk0
=
T 20
2pid
(cot θk − cot θj). (11)
There is no absolute value anymore since cot θk > cot θj
due to the monotonic behavior of the cotangent and the
assumed ordering and range of the angles. The condition
Eq. (11) for k = 1 and j ≥ 2, further gives
cot θj = cot θ1 − 2pid
T 20
mj1
mj0m10
. (12)
These are the solutions for all the angles, except the first
non-trivial one. They can now be substituted into the re-
maining relations for j > k > 1, producing the following
set of constraints involving only natural numbers:
mj1mk0 −mj0mk1 = mjkm10. (13)
Going further into the proof, let us first consider the
general case. We observe that mjkm10 6≡ 0 (mod d), for
every mjk, is a particular instance of (6) with n = m10
[35]. Therefore, due to (13), we obtain the constraint
mj1mk0 6≡ mj0mk1 (mod d) ∀ j > k > 1. (14)
Moreover, since according to (6) all mjk are coprime
with d, they possess a modular multiplicative inverse m˜jk
(with respect to d) which additionally is an integer. For-
mally, we say that mjkm˜jk ≡ 1 (mod d).
Let us introduce auxiliary parameters χk = mk0m˜k1,
for k = 2, . . . , R− 1. After “modulo d” multiplication by
the integer m˜k1m˜j1, Eq. (14) simplifies to the form
∀j>k>1 χk 6≡ χj (mod d). (15)
To satisfy the above condition, each χk must belong to a
different congruence class modulo d. Therefore, at most
we can have as many different values of χk, as is given by
the number of congruence classes. The latter number is
equal to Euler’s totient function ϕ(d). The final result,
i.e. R ≤ ϕ (d) + 2 follows, since apart from ϕ(d) distinct
values of χk we need to include the phase-space variables
q0 and q1.
In the case of even d we can easily provide a much
stronger bound. The choice n = d/2 in (6) determines
that all mjk must be odd. Now, for R ≥ 4 measure-
ments we have at least a single non-trivial instance of
the constraint (13) given by j = 3 and k = 2. This con-
straint, however, requires one mjk to be an even number,
therefore it is incompatible with Eq. (6). This happens
because when all mjk are odd, the right hand side of this
constraint is odd as well. Contrarily, the left hand side is
a difference of odd numbers, therefore, it is even. Con-
sequently, there are at most R = 3 mutually unbiased
PCG observables for even d.
A. Symmetric configuration
There is quite a bit of freedom in the constraint (11)
concerning the period T0, as well as the angles θj . Elab-
orating on the solution (12), with some specification, we
can however construct a useful, symmetric recipe for mu-
tually unbiased measurements. Let us choose angles that
are distributed at integer multiples of a fixed angle θ,
such that θ ≤ pi/R and θj = jθ. Moreover, we will
choose T0 =
√
pid tan θ, so that Eq. (12) divided by cot θ
assumes a simplified form
cot jθ
cot θ
= 1− 2 mj1
mj0m10
. (16)
The right hand side of this condition is, by construction,
a rational number. Since
cot jθ
cot θ
=
∑
l even (−1)
l
2
(
j
l
)
tanl θ
∑
l odd (−1)
l−1
2
(
j
l
)
tanl−1 θ
, (17)
we can see that the left hand side is rational as well,
whenever
tan θ =
√
Q, (18)
with Q being a nonnegative rational number. This is be-
cause both numerator and denominator in Eq. (17) only
contain even powers of tan θ which are equal to powers
of Q. This construction does further allow us to adjust
all mj0 and mj1.
IV. EXPERIMENT
To confirm and explore our results we performed an
experiment using the transverse spatial degrees of free-
dom of single photons produced by an attenuated laser
source, and detected by a single photon detector. The ex-
periment is similar to those of Refs. [26, 27], with several
improvements that lead to a more robust and automated
preparation and measurement procedure.
5The transverse spatial degrees of freedom of a parax-
ial optical field are analogous to position and momentum
variables in quantum mechanics [36]. Here the near-field
and far-field variables with respect to a transverse ref-
erence plane play the role of position and momentum,
respectively. One can perform arbitrary rotations in the
phase space formed by these variables using fractional
Fourier transforms (FrFTs) [37]. In this way, we can
transform the position to a variable qj and then an ar-
bitrary qk by a sequence of two FrFTs parametrized by
the angles θj and θkj = θk − θj , respectively [38]. The
projective measurements (rank > 1) were realized using
amplitude masks to select only the appropriate values of
qj for each projection, following the definition of the bin
functions given in Eq. (4) and illustrated in Fig. 2.
FrFT jθ FrFT kθ
Preparation Measurement
FrFT  
z zp1 p2
Tj Tk
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z
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FIG. 3. a) Schematic of the experiment. Fractional Fourier
Transforms (FrFT) and periodic amplitude masks (M) are
used to prepare and measure the transverse spatial profile
of the laser beam. All output light is incident on full-field
single-photon detector. The scheme used to implement the
FrFT is composed of three lenses with separation distance
z. If the focal distances satisfy fα1 = z
(
1− cot(α/2)
2
)−1
and
fα2 = z(1− sinα)−1 then the transverse profile of the optical
field in the plane p2 is the FrFT of order α of the field in
the plane p1 up to a scaling factor that is independent of the
FrFT order. b) Experimental setup using spatial light modu-
lators (SLM) for preparation and measurement. The output
of a 632.8nm He-Ne laser is enlarged and collimated using
two lenses. The FrFTs are performed modulating the phase
accordingly to the quadratic phase of lenses with the right
focal distances. The use of SLMs allows us to synthesize any
order FrFT, which would be challenging with actual lenses.
The amplitude masks are also implemented using phase-only
modulators applying diffraction gratings and collecting only
the first diffraction order. Finally, the beam is attenuated
with a neutral density filter (NDF) and detected by a single
photon detector.
Thus, optical FrFTs and amplitude masks were used to
both prepare eigenstates with respect to one PCG mea-
surement, and perform different PCG measurements on
them, as shown schematically in Fig. 3. Both the FrFTs
as well as the amplitude masks were implemented using
spatial light modulators (SLMs). To realize the FrFTs,
we use the scheme described in detail in Ref. [39], where
SLMs are used to imitate three lenses by imprinting
quadratic phases on the optical field. Using the three-
lens FrFT scheme introduces a scaling factor indepen-
dent of the rotation angle, such that dimensionless (Tj)
and physical (T ′j) periods are related by T
′
j =
√
λz
pi Tj ,
where z = 0.29 m is the distance between the lenses and
λ = 632.9 nm is the He-Ne laser wavelength. Moreover,
for practical reasons, the physical periods are given in
units of SLM pixels. The pixel size of the Holoeye SLMs
used here is 8µm. The initial state in position is fixed
and is prepared as a colimated Gaussian beam with beam
radius (2.54± 0.06) mm at the plane of the first SLM. In
the preparation stage, a FrFT of order θj was imple-
mented on the transverse profile, followed by the appli-
cation of an amplitude mask Mj,u of period Tj . This
corresponded to the preparation of the initial state u, in
basis j. The measurement stage consisted of an FrFT of
order θk and an amplitude mask Mk,v, projecting onto
outcome v in basis k. The full field of the resulting out-
put beam was detected with a single photon detector, as
depicted in Fig. 3-(a). In principle, the use of this FrFT
scheme with SLMs allows us to perform any combina-
tion of preparation and measurement in a black-box like
manner, giving as inputs the dimension d, the prepara-
tion index u ∈ {0, . . . , d− 1}, the phase space directions
θj and θk, and the respective mask periods Tj and Tk,
and obtaining as output the probability of each measure-
ment outcome v ∈ {0, . . . , d− 1}.
We tested the case of R = 4 MUMs in the symmetric
configuration with dimension parameter d = 3 and θ =
pi/4, so that tan θ = 1 fulfills relation (18), for all sixteen
combinations of preparation and measurement. We chose
the period of the 0th mask to be T ′0 = 93 pixels, since
this value is the closest integer number to the value of the
exact solution (92.7476 pixels). Using (9), and choosing
m10 = m30 = 1 we have T
′
1 = T
′
3 = 131.165 pixels,
approximated by 132 pixels so the bin width is an integer
number of pixels. For m20 = 2 we have T
′
2 = 92.7476 ≈
93 pixels. These values of mjk satisfy all conditions (11).
Using the above values for the experimental param-
eters, we tested MUM conditions between preparations
j = 0, 1, 2, 3 and measurements k = 0, 1, 2, 3. As a first
test of our experimental setup, we scanned the output
SLM with a narrow slit aperture so that we could mea-
sure the final transverse intensity profile of light produced
by the optical transformations acting on the initial state
(all but final amplitude mask Mk,v). Some results are
exemplified in Fig. 4. This intensity profile should be
proportional to the probability density obtained from the
theoretical initial state propagated through the prepara-
tion mask and two FrFTs. In this way, Fig. 4 reveals the
qualitative agreement between our theoretical descrip-
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FIG. 4. Experimental intensity profiles (red solid curves) at
the output SLM obtained by scanning the SLM with a narrow
slit aperture while measuring the number of photo-counts.
The intensity profile is proportional to the probability den-
sity of qk. The localized state prepared in direction j = 0
is represented in directions (a) k = 1 and (b) k = 2. The
experimental result is compared to the theoretical curves ob-
tained by numerically propagating the initial state (dashed
black curves), i.e. by applying the periodic masks and FrFTs
numerically onto a Gaussian wave function representing the
initial profile of the optical field.
tion and the optical setup. The theoretical probability
densities obtained as described are used to predict the re-
sults when the PCG measurements are performed. Next,
the narrow slit was replaced by the periodic amplitude
masks. For each measurement k, the detection mask was
scanned in all three positions (v = 0, 1, 2), and the num-
ber of photo-counts C
(v)
k registered. We then calculated
the detection probabilities p
(v)
k = C
(v)
k /
∑
v C
(v)
k . This
was repeated for each pair of preparation/measurement
observables j/k.
To evaluate the mutual unbiasedness of the measure-
ment results, we calculated the Shannon entropy E =
−∑v p(v)k log2 p(v)k of the probability distributions. The
results are shown in Table II. When the preparation ba-
sis j is different from the measurement basis k, we obtain
entropies that are close to the maximum log2 3 ≈ 1.5849,
indicating that the probability distributions are nearly
uniform. To demonstrate that this is indeed due to mu-
tual unbiasedness and not simply a result of some source
of homogeneous noise, we tested the setup by realiz-
ing preparation and measurement in the same phase-
space direction. In this case, we expect a determinis-
tic probability distribution given by p
(v)
k = δv,u, where
u is the preparation state. In all cases we observed a
single probability p
(v=u)
k > 0.983(5) and the other two
p
(v 6=u)
k < 0.0131(4). With a deterministic probability dis-
tribution, one expects a null value for the entropy. How-
ever, the overall 2% background noise is enough to result
in the non-null entropy values shown in the diagonal of
P
re
p
a
ra
ti
o
n
Measurement
0 1 2 3
0 0.161(3) 1.5846(2) 1.579(1) 1.5847(2)
1 1.5841(8) 0.143(3) 1.583(3) 1.584(4)
2 1.5846(1) 1.5848(1) 0.140(5) 1.5838(1)
3 1.5844(2) 1.5847(1) 1.5844(5) 0.162(3)
TABLE II. Entropy value for different preparation and mea-
surement directions in the case R = 4 and d = 3 with period-
icities satisfying all the MU conditions (5).
Table II. Still, this is sufficient to verify that the setup
is functioning properly. Our results thus confirm mutual
unbiasedness for R = d+ 1 = 4 PCG measurements with
properly chosen periods.
To further explore mutual unbiasedness in four phase
space directions and validate our results, we tested the
mutual unbiasedness conditions between preparations
j = 0, 1, 3 and measurement k = 2 as a function of
the period T ′2 used in the measurement stage, obtaining
experimental results shown in Fig. 5. The theoretical
prediction (solid curve in the figure) is the result of in-
tegrating the theoretical probability density (such as the
ones shown in Fig 4) over the appropriate bin regions.
We can see that at several places the entropy reaches
its maximum value of log2 3 ≈ 1.5849, which indicates
that the probability distribution is uniform, correspond-
ing to mutual unbiasedness. Vertical lines show values
at which the period T ′2 corresponds to allowable mj2 val-
ues. In all plots, we can observe that the entropy de-
creases greatly when mj2 = 3, which is not allowed by
Eq. (6) when d = 3. Furthermore, the MUM condition
is reached whenever the period T ′2 equals 93 pixels, as ex-
pected from the derived requirements. Moreover, it cor-
responds to m21 = m32 = 1 and m20 = 2, as predicted by
our theoretical results and previously confirmed experi-
mentally in Table II. Similar results were obtained for all
combinations of preparation and measurement. The de-
parture of the experimental points from the theoretical
curve for larger periods can be understood by analyzing
Fig 4, where we can see more discrepancy between ex-
perimental and theoretical results when the probability
density is more spread-out and oscillatory, as in Fig 4
(a). When the period is small, these differences affect
a large number of the bins more or less equally, so that
the errors are homogeneous and do not significantly af-
fect the output probability distribution, which is already
close to uniform. However, as the period increases, the
regions significantly affected by the experimental errors
can become concentrated in only a few bins, which begins
to modify the final probability distribution more signifi-
cantly.
In Fig. 5 we can also observe a limiting factor of our
experimental implementation, and of the PCG construc-
tion in general. That is, periods Tj satisfying condition
(9) are inversely proportional to mj0, and thus become
closer together as mj0 increases, eventually reaching the
limits imposed by the spatial resolution of our optical
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FIG. 5. Experimental results for the entropy for R = 4 PCG
measurements with a dimension parameter d = 3, using an-
gle θ = pi/4. Entropy is plotted as a function of the physical
period T ′2 in units of pixels (px) of the measurement mask,
with preparation fixed at position “0” and period that satis-
fies the mutual unbiasedness condition (9) for mj0 = 1. The
measurement direction is fixed at k = 2 and the entropy is de-
termined for preparation directions: a) j = 0, b) j = 1, and c)
j = 3. The blue curves correspond to theoretical predictions
for the experimental initial state. The red dots represent the
experimental data, the error bars are smaller than the dots.
The vertical dashed lines indicate the special values of period
satisfying (5) for different values of mj2.
system. In our system this occurs at around m20 ∼ 14,
for which T ′2(m20 = 13)− T ′2(m20 = 14) ≈ 1pixel.
V. CONCLUSIONS
We have shown that it is possible to define a general set
of R mutually unbiased observables on a continuous vari-
able system that produces a discrete set of d outcomes,
while at the same time displaying behavior that is nei-
ther discrete nor continuous. This conclusion is drawn
by evaluating the behavior of these measurements un-
der conditions for mutual unbiasedness. In particular,
we have shown that for even d, we can define at most
3 mutually unbiased measurements, while for d odd we
can have at most d+ 1, which occurs for prime d. This is
reminiscent of the discrete behavior, however for compos-
ite d, we have at most ϕ(d) + 2, where ϕ(d) is the Euler
totient function. This is distinct from both the discrete
and continuous cases.
An interesting aspect of this scenario is that it allows
us to determine the non-trivial maximum number of mu-
tually unbiased measurements for all values of d, which
has not yet been achievable for discrete systems. We have
corroborated and explored the practicality of our theo-
retical result with an experiment observing mutual unbi-
asedness for 4 measurements with d = 3 outcomes using
the transverse spatial degrees of freedom of photons. This
is already beyond what can be achieved in the continuous
regime. This demonstration suggests that it should be in-
teresting to explore these types of PCG measurements in
the detection and utilization of spatially entangled pho-
ton pairs outside of the usual near-field/far-field scenario
[40–42]. Moreover, we expect that our results will find
utility in applications that exploit unbiasedness, such as
randomness generation, for example.
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